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We explore the thermodynamic and phase transition properties of asymptotically AdS

black holes within scalar-tensor Einstein-Gauss-Bonnet gravity, focusing on Joule Thomson

expansion. Thermodynamics is studied in the extended phase space, where the cosmological

constant serves as thermodynamic pressure. We observe that the black hole undergoes

a phase transition similar to that of a van der Waals system. We analyze charged and

neutral cases separately to distinguish the effect of charge and Gauss Bonnet parameter on

critical behavior and examine the phase structure. We find that the Gauss-Bonnet coupling

parameter behaves similarly to black hole charge or spin, guiding the phase structure. To

understand the underlying phase structure determined by the Gauss-Bonnet coefficient α, we

introduce a new order parameter. We discover that the change in the conjugate variable to

the Gauss-Bonnet parameter acts as an order parameter, demonstrating a critical exponent

of 1/2 in the vicinity of the critical point. Since the phase structure is analogous to that of

a van der Waals fluid, we investigate the Joule-Thomson expansion of the black hole. We

analytically study the Joule-Thomson expansion, focusing on three key characteristics: the

Joule-Thomson coefficient, inversion curves, and isenthalpic curves. We obtain isenthalpic

curves in the T − P plane and illustrate the cooling-heating regions.
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I. INTRODUCTION

The understanding that black holes behave as thermodynamic systems has been established

for several decades [1–4]. Notably, the thermodynamics of Anti-de Sitter (AdS) black holes has

garnered significant attention owing to the AdS/CFT correspondence [5–7]. The exploration of

the thermodynamic properties of AdS black holes started with the seminal work of Hawking and

Page [8], who identified a phase transition in the phase space of the (non-rotating, uncharged)

Schwarzschild-AdS black hole. Due to their thermal stability, AdS black holes exhibit thermody-

namic characteristics distinct from those of asymptotically flat or de Sitter black holes. Conse-

quently, investigations into phase transitions and critical phenomena have extended to a variety of

more complex AdS backgrounds. A significant development was the discovery of a first-order phase

transition in the charged (non-rotating) Reissner-Nordstrom AdS (RN-AdS) black hole spacetime

[9, 10], exhibiting classical critical behavior reminiscent of a liquid-gas phase transition. Moreover,

the identification of the cosmological constant as the thermodynamic variable pressure [11, 12] has

initiated the field of black hole chemistry, finding diverse applications in understanding black hole

phase transition properties [13–15] (for comprehensive details, see the review article [15] and refer-

ences therein). An important outcome from the black hole chemistry perspective is the recognition

that AdS black holes undergo phase transitions analogous to those in conventional thermodynamic

systems. Particularly, AdS black holes exhibit van der Waals (vdW)-like phase transitions [9, 13],

reentrant phase transitions [16], isolated critical points [17, 18], superfluid-like behavior [15], and

multicritical points [19]. Black holes displaying van der Waals-like phase structures exhibit the

Joule-Thomson expansion, a well-known feature of van der Waals fluids in conventional thermo-

dynamics. Initially, the Joule-Thomson expansion was investigated for charged AdS black holes

[20–22], and it is widely recognized that any AdS black hole with a van der Waals-like phase

structure undergoes this process.

In recent years, there has been a growing interest in studying 4D Gauss-Bonnet gravity the-

ories (see review article [23]). Incorporating Einstein-Hilbert and Gauss-Bonnet terms in the

gravitational action leads to theories known as Einstein-Gauss-Bonnet gravity. Such theories are

intriguing because string theory predicts that classical Einstein’s equations are subject to next-to-

leading-order corrections, typically described by higher-order curvature terms in the action [23].

Gauss-Bonnet gravity extends general relativity (GR) by supplementing the Einstein-Hilbert action

with a curvature-squared term,

G = R2 − 4RµνR
µν +RµνρσR

µνρσ. (1)
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In D = 4, the Gauss-Bonnet term in Eq. 1 is purely topological, rendering the full theory indistin-

guishable from GR. Consequently, the Gauss-Bonnet term in D = 4 has long been believed to have

no impact on the phenomenology of the classical theory. This belief stems from the Chern theo-

rem, which states that the contribution of G to the action obtained by integrating the Lagrangian

L = −2Λ+R+ αG, where α is the coupling constant of the Gauss-Bonnet term, is entirely equiv-

alent to a constant, proportional to the Euler characteristic of the space-time manifold [24]. Thus,

it was presumed to make no contribution to the field equations of the theory, a conclusion that can

be explicitly verified using dimensionally dependent identities for the curvature tensors [25].

Recently, considerable effort has been devoted to reformulating Gauss-Bonnet gravity in four

dimensions, similar to the efforts made for Einstein gravity in two dimensions [26], in order to

evoke non-trivial dynamics [27–30]. Such a theory would serve as the only competitor to general

relativity (GR) as a metric theory of gravity in four dimensions, featuring equations of motion that

are second-order and free of ghost instabilities. In an attempt to introduce the Gauss-Bonnet term

directly into four-dimensional gravity, Glavan and Lin proposed rescaling the coupling constant α

by α → α/(D − 4) [27]. Although this rescaled quantity becomes divergent as D → 4, Glavan

and Lin suggested that by incorporating this rescaling into the Lanczos tensor [31, 32] associated

with the Lagrangian L, the terms containing this quantity might remain finite and non-zero.

Their postulation was that this divergence could offset the tendency of additional terms in L to

approach zero as D → 4, potentially allowing the Gauss-Bonnet term to directly influence the

four-dimensional theory of gravity. However, the novel approach of Glavan and Lin has faced

considerable scrutiny [33–41]. Several alternative formulations have emerged, which have garnered

significant interest over a short period [42–47]. (For further insights and discussions on related

works, readers are referred to the review article [23]).

Indeed, despite differing from those of general relativity (GR), the four-dimensional limit ob-

tained from the Glavan and Lin approach does not introduce entirely new solutions. Instead,

these solutions correspond to certain scalar-tensor theories, suggesting the likely presence of an

additional scalar degree of freedom alongside the two tensor degrees of freedom in the graviton

[37]. In such theories, it is feasible to work within D = 4 spacetime dimensions while still incor-

porating non-vanishing contributions from the Gauss-Bonnet term in the field equations, thanks

to the presence of a dilatonic scalar field φ. It is noteworthy that in terms of purely geometric

terms, only couplings of the scalar field to the Ricci scalar and the Gauss-Bonnet term are per-

missible according to Horndeski’s theory. Following this approach, we adopt a properly defined

4D Gauss-Bonnet solution in our article. Alternative regularization techniques have been explored
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to achieve a well-defined version of the Einstein-Gauss-Bonnet theory in four dimensions. These

efforts have led to the development of novel scalar-tensor theories through either conformal reg-

ularization [28, 29] (initially applied in two dimensions in Ref. [26]) or regularized Kaluza-Klein

reduction [30, 48]. Subsequently, it was demonstrated that these approaches yield scalar-tensor

theories that fall within the subset of Horndeski theories characterized by improved conformal

properties of the scalar field [49]. Another regularization method focuses on breaking temporal

diffeomorphism, rather than introducing an additional scalar degree of freedom [50]. 1

Since the theory stands on equal footing with Einstein’s GR, it is natural to explore the the-

oretical and observational implications of this modified classical gravity theory. In this article,

we aim to investigate various thermal properties of the 4D Gauss-Bonnet black hole in the AdS

background, considering both the charged and neutral cases. While the thermodynamics and phase

transition properties of higher-dimensional Gauss-Bonnet black holes have been well established

for some time, it is not necessarily the case that all phase structure properties generalize to 4D

Gauss-Bonnet theories. In higher-dimensional Gauss-Bonnet theories, a variety of phase transition

properties are observed, including van der Waals (vdW) type phase transitions. However, we shall

demonstrate that the 4D Gauss-Bonnet black hole exhibits only a vdW-like phase transition. This

situation is similar to that of the Kerr-AdS case, where a vdW phase transition is observed in

4D, while higher dimensions display reentrant and other complex phase transitions. We begin by

investigating the thermal properties in the 4D Gauss-Bonnet black hole spacetime, considering the

charged and neutral cases separately to discern the effect of charge on critical behavior and to

examine the phase structure in the absence of charge. Our analysis reveals that the coupling of a

scalar field induces effects similar to those of black hole charge or spin in guiding the black hole

phase structure. Consequently, to comprehend the underlying phase structure determined by the

Gauss-Bonnet coefficient α, we introduce a new order parameter. Given the similarity of the phase

structure to that of a vdW fluid, we proceed to investigate the Joule-Thomson expansion of the

black hole.

The paper is organized as follows: In the next section, we delve into the elementary thermo-

dynamics of the black hole, starting from the metric details. Section III is dedicated to the study

of the phase transitions and critical behavior of the black hole. Following that, in section IV, we

explore the Joule-Thomson expansion of the black hole system. Finally, in section V, we conclude

1 Historically, such endeavors can be traced back to the formulation of alternate theories of Einstein gravity. Among

the myriad of possibilities, the Einstein-Gauss-Bonnet theory holds a unique position. Initially proposed by Lanczos

[31, 32] and subsequently generalized by Lovelock [51, 52], these theories stand out for requiring no additional

fundamental fields beyond those present in GR. Additionally, they maintain the property that the field equations

of the theory can be expressed with no higher than second derivatives of the metric - a condition sufficient to avoid

Ostrogradsky instability [53].
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the paper with discussions and insights on the results obtained.

II. THERMODYNAMICS OF THE BLACK HOLE

In this section, we investigate the thermodynamic properties of the 4D Gauss-Bonnet AdS

black hole, examining both neutral and charged scenarios. As outlined in the introduction, our

approach relies on the 4D Gauss-Bonnet solutions derived from the scalar-tensor Horndeski-type

theory. This derivation employs a conformal re-scaling technique [28, 29] (also discussed in Ref.

[26]) which offers the advantage of dispensing with the need for higher-dimensional geometries

initially. The action governing this theory is expressed as follows,

I =

∫
d4x

√
−g
[
R− 2Λ + α

(
ϕG + 4Gab(∂aϕ)(∂bϕ)− 4(∂ϕ)2□ϕ+ 2

(
(∂ϕ)2

)2)]
. (2)

Here, α denotes the Gauss-Bonnet coupling parameter, Gab is the Einstein tensor, Λ is the cosmo-

logical constant, G is the Gauss-Bonnet invariant (as given in (1)), and ϕ is an auxiliary scalar degree

of freedom arising from either the compactification of the higher-dimensional Gauss-Bonnet theory

or the conformal rescaling utilized in [28] to derive the four-dimensional action (2). The charged

version of this theory in the AdS background can be obtained by incorporating the Maxwell term

FµνFµν , leading to the Einstein-Maxwell Gauss-Bonnet gravity [47]. The spherically symmetric

solution to this action is given by,

ds2 = −f(r)dt2 +
1

f(r)
dr2 + r2dΩ2

D−2. (3)

The solution to the metric function f(r) exhibits two distinct branches: one with a positive sign,

referred to as the Gauss-Bonnet branch, and another with a negative sign, known as the GR

branch. These branches are well-known in higher-dimensional Einstein-Gauss-Bonnet theory (see,

for instance, [54]) and persist as a characteristic feature in 4D Einstein-Gauss-Bonnet theory.

Notably, the positive branch lacks a well-defined limit as α approaches zero, while the negative

branch converges to the dynamics of GR. Consequently, the positive branch is labeled the Gauss-

Bonnet branch, and the negative one is termed the GR branch. The metric function corresponding

to the GR branch is given by,

f(r) = 1 +
r2

2α

(
1−

√
1 + 4α

(
− 1

l2
+

2M

r3
− Q2

r4

))
(4)

Here, M and Q denote the mass and charge of the black hole, respectively, while l represents

the AdS length, related to the cosmological constant as Λ = − 3
l2
. This solution also arises in the
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context of conformal anomaly gravity [55, 56]. Both charged and neutral Gauss-Bonnet black holes

exhibit multiple inner and outer horizons. The event horizon rh of the black hole is determined by

the largest root of the equation f(rh) = 0, representing the norm of the time-like Killing vector

associated with the time coordinate t. In addition to the horizon radius rh, the Gauss-Bonnet

black hole system is characterized by other length scales, such as the AdS radius length l, charge

Q, and the Gauss-Bonnet parameter α. Below, the thermodynamic variables of the black hole are

expressed in terms of these parameters. The explicit expression for the mass of the black hole is

obtained by using the condition f(rh) = 0,

M =
1

2

(
r3h
l2

+
Q2

rh
+

α

rh
+ rh

)
. (5)

We explore the thermodynamics of the black hole within the extended phase space framework,

where the cosmological constant is considered a thermodynamic variable-pressure-utilizing the

relation P = − Λ
8π . The Hawking temperature of the black hole is associated with the surface

gravity κ, computed through the standard Euclidean trick,

T =
κ

2π
=

f ′(rh)

4π
= −

α− 8πPr4h +Q2 − r2h
4πr3h + 8παrh

. (6)

It is noteworthy that the Gauss-Bonnet parameter α appears in this expression, indicating the

modification of the Hawking temperature in Gauss-Bonnet spacetime. With these thermodynamic

variables, we can formulate the first law for the black hole 2,

dM = TdS + V dP +ΦdQ+Adα (7)

Here, Φ and A represent the potentials conjugate to Q and α, respectively. From this, we can

derive the black hole entropy as, 3

S =

∫ rh

0

1

T
dM = πr2h + 4π log(rh). (8)

Additionally, we obtain the thermodynamic volume,

V =

(
∂M

∂P

)
S,Q,α

=
4

3
πr3h. (9)

2 We emphasize that all thermodynamic quantities, along with the explicit form of the first law, can be derived by

computing the free energy from the on-shell Euclidean action. It is worth noting that both methods yield identical

results, thereby serving as a straightforward consistency check for the results presented in this section
3 During the preparation of this manuscript, we came across a study arguing against the presence of logarithmic

correction terms in scalar tensor theories [57]. It is important to note, however, that the qualitative thermodynamic

behavior remains unchanged. This is because, the different entropy prescriptions are essentially a matter of scaling.

For instance, the Wald entropy and Bekenstein entropy do not align in Gauss-Bonnet gravity.
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We observe that the entropy includes a logarithmic correction term, while the thermodynamic

volume remains equal to the geometric volume. The corresponding Smarr relation,

M = 2TS +ΦQ− 2PV + 2αA (10)

can be derived from it through a scaling (dimensional) argument [11, 58]. When P is considered

constant (i.e., if the cosmological constant is not allowed to vary), (7) reduces to the standard

first law in the ’non-extended’ phase space. However, in this scenario, the Smarr relation remains

unchanged and no longer follows directly from the first law through the scaling argument.

III. PHASE TRANSITION OF THE BLACK HOLE

With the definitions of the thermodynamic quantities and the first law in place, it is now

straightforward to analyze the phase structure of the black hole. We will explore the phase transi-

tion properties by examining the P −v diagram, the behavior of Gibbs free energy, and the specific

heat of the system. The equation of state can be readily obtained as,

P =
Q2

8πr4h
+

α

8πr4h
+

αT

r3h
− 1

8πr2h
+

T

2rh
. (11)

When α = 0, this equation reduces to the equation of state of the charged AdS black hole [13].

The functional behavior of this equation of state is similar to that of the van der Waals case. To

ensure dimensional correctness, we rescale it as follows,

P → ℏc
l2P

, T → ℏc
kB

T. (12)

Here, ℏ, c, kB, and lP have usual meanings. Comparing these with the van der Waals equation

of state, the relationship between the specific volume v and the horizon radius is v = 2lP rh.

As demonstrated below, the 4D Gauss-Bonnet AdS black hole exhibits a phase structure similar

to that of the van der Waals system. The critical point associated with this phase structure is

characterized by, (
∂P

∂v

)
T

=

(
∂2P

∂v2

)
T

= 0. (13)

The critical temperature, critical pressure, and critical volume are obtained from these conditions,

Tc =

(
8α+ 3Q2 − ρ

)√
6α+ 3Q2 + ρ

48πα2
; (14)

Pc =
9α+ 6Q2 + ρ

24π (6α+ 3Q2 + ρ)2
; (15)
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FIG. 1. P − V isotherms for neutral (left) and charged (right) 4D Gauss-Bonnet AdS black holes.

Vc =
4

3
π
(
6α+ 3Q2 + ρ

)3/2
; (16)

where ρ =
√
48α2 + 9Q4 + 48αQ2.

In all these expressions written so far with Q, the neutral case is obtained by setting Q = 0. The

P −v diagram is shown in figure 1, which exhibits critical behavior. The plots display qualitatively

different behaviors for temperatures above and below critical values. The isotherms above the

critical temperature Tc are injective, with only one dominant black hole solution in the phase

diagram for large temperatures. Below the critical temperature Tc, the isotherms feature three

distinct regions. The regions with negative slope represent stable phases, while those with positive

slope denote unstable phases. A first-order phase transition occurs between the stable phases,

namely small black hole (SBH) and large black hole (LBH). The unstable region disappears for

temperatures above the critical value. Notably, the critical behavior is observed for both neutral

and charged Gauss-Bonnet black holes. This finding is intriguing because, for four-dimensional RN

AdS black holes, charge is the key property for displaying van der Waals-like phase transitions. The

presence of a van der Waals-like phase transition in the neutral case suggests that the Gauss-Bonnet

parameter α assumes a role similar to that of charge, as observed in five-dimensional Gauss-Bonnet

AdS black holes [59].

The phase transition can be better understood by investigating the behavior of Gibbs free

energy. The Gibbs free energy G of the black hole is calculated using the standard expression
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FIG. 2. The Gibbs free energy G vs Hawking temperature T plot for different pressure values corresponding

to above and below the critical point is depicted for neutral 4D Gauss-Bonnet AdS black hole (left). In

the right panel we show the enlarged view of the swallow tail behavior. (Charged case also exhibits similar

behavior).

G = M − TS, which yields 4,

G =
1

6

[
3
(
r2h + 4α log(rh)

) (
α− 8πPr4h +Q2 − r2h

)
2
(
r3h + 2αrh

) + 8πPr3h +
3Q2

rh
+

3α

rh
+ 3rh

]
. (17)

Here, rh is considered a function of (P, T ) from the equation of state. In the free energy plot

shown in Fig. 2, for temperatures T < Tc, three branches exist. The first branch starts from

the left side and ends at the red dot, representing the small black hole phase (SBH). The second

branch starts from this red dot and ends at the blue square, corresponding to the intermediate

black hole phase (IBH). The third branch starts from this blue square and continues downwards as

the temperature increases, representing the large black hole phase (LBH). At the point where the

SBH and LBH branches meet, a first-order SBH-LBH phase transition of the black hole occurs. In

other words, the presence of this characteristic swallowtail behavior for both neutral and charged

Gauss-Bonnet black holes is the signature of the first-order phase transition of the system. This

first-order phase transition point depends on the value of P , implying that it is possible to represent

the phase structure with a coexistence curve in the P −T plane. In contrast to the five-dimensional

uncharged case [60], obtaining an analytical expression for coexistence curve for the 4D Gauss-

Bonnet black hole is not feasible. The coexistence curve separates the SBH and LBH phases below

the critical point. The IBH branch is never dominant and hence does not play a role in the phase

diagram. As we will see below, the heat capacity of this phase of the black hole is always negative,

4 In extended black hole thermodynamics, the black hole mass M is analogous to the thermodynamic potential,

enthalpy, rather than the energy as in conventional black hole thermodynamics.
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making it thermodynamically unstable. For P = Pc, the IBH branch disappears, and hence the

SBH and LBH branches merge. This corresponds to the termination point of the P −T coexistence

curve, and the phase transition at this point is second order. Finally, when P > Pc, there is no

phase transition.

Another crucial thermodynamic quantity to explore in the context of phase transitions and

thermal stability is the specific heat. A positive heat capacity corresponds to a stable system,

whereas, a negative heat capacity indicates the instability of the system under small perturbations.

We examine the specific heat at constant pressure,

CP = T

(
∂S

∂T

)
P

. (18)

For the 4D Gauss-Bonnet AdS black hole, we obtain

CP =
2π
(
2α+ r2h

)2 (−α+ 8πPr4h −Q2 + r2h
)

2α2 + 8πPr6h + r4h(48παP − 1) +Q2
(
2α+ 3r2h

)
+ 5αr2h

. (19)

The behavior of CP is depicted in Fig. 3.

We have simultaneously considered charged and neutral black holes since there is no difference in

the characteristic behavior of the specific heat between both cases. However, quantitative changes

are apparent from the plots. For P < Pc, two diverging points exist, which separate three regions.

The phases with positive specific heat in the lower radius and higher radius regions are stable. The

intermediate phase with a negative CP value is an unstable phase. Therefore, for pressures lower

than the critical value, three phases are possible: small black hole (SBH), intermediate black hole

(IBH), and large black hole (LBH). The phase transition occurs between the stable phases, SBH

and LBH. When P = Pc, the two divergent points merge to form a single divergence, removing the

unstable region. For P > Pc, the heat capacity is always positive, and there are no divergences.

This implies that the black hole is stable, and there is no phase transition. Indeed, these results

bear resemblance to those observed in RN AdS black holes in four dimensions and Gauss-Bonnet

theory in higher dimensions.

We can better understand the stability of black holes in the free energy plot by recasting the

expression for heat capacity as follows. Using the thermodynamic identity S = −∂G/∂T ,

CP = −T

(
∂2G

∂T 2

)
P

(20)

In the G − T plot, a branch is thermodynamically unstable if it is concave upwards and stable if

it is concave downwards. From Fig. 2, for the P < Pc case, it is clear that the two intersecting

branches (first and third) correspond to stable phases (SBH and LBH). The remaining branch

corresponds to the unstable branch (IBH).
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FIG. 3. The specific heat behavior of the 4D Gauss-Bonnet AdS black hole is illustrated. The blue (solid)

lines represent the charged black hole, while the red (dashed) curves represent the neutral black hole. Fig.

3(a) corresponds to P < Pc, Fig. 3(b) corresponds to P = Pc, and Fig. 3(c) corresponds to P > Pc. In the

charged case, Q = 1, and in both neutral and charged cases, α = 1.

An important set of quantities that characterize the critical behavior are the critical exponents.

Using the method prescribed in reference [13], we obtain the critical exponents as α = 0, β = 1/2,

γ = 1, and δ = 3, which are universal.

A. Order parameter of the phase transition

To further understand the van der Waals-like phase structure associated with Gauss-Bonnet

spacetime, we introduce a new order parameter. From the phase transition properties of the

Gauss-Bonnet black hole, it is evident that the Gauss-Bonnet parameter α plays an analogous role

to black hole charge or spin in determining the black hole phase structure. To emphasize this, we

focus on the neutral Gauss-Bonnet black hole in this section. First, we analyze the behavior of the

conjugate variable A against the Hawking temperature. The explicit expression for A is given by
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FIG. 4. The behavior of the conjugate variable A with respect to the Hawking temperature T is depicted

for pressure values corresponding to below (left panel) and above (right panel) the critical point of the black

hole phase transition.

[58].

A =

(
∂M

∂α

)
S,Q,P

=
α+ 2 ln

(
rh√
α

) (
α− 8πPr4h − r2h +Q2

)
+ 8πPr4h + 2r2h −Q2

2
(
2αrh + r3h

) . (21)

Using (6), we express rh as a function of T . In the parameter domain where the black hole

undergoes a phase transition, rh(T ) is multivalued, corresponding to multiple phases of the black

hole. Substituting rh(T ) into (21), we express A in terms of T . In Fig. 4, A is plotted against T for

two different values of P . For P < Pc, three black hole solutions (Small BH, Intermediate BH, and

Large BH) coexist for T1 < T < T2. Moreover, the first-order phase transition between Small BH

and Large BH occurs at Tp. When T1 < T < T2, A possesses three branches, which exactly match

Small BH, Intermediate BH, and Large BH, respectively. The right column displays the case of

P > Pc, where there is only one black hole solution and no phase transition. These observations

suggest that A can be used to probe the phase structure of Gauss-Bonnet black holes.

Indeed, the phase transition can be characterized by the discontinuous change in the conjugate

variable A, expressed as ∆A = AS − AL, where AS and AL represent the A values of Small BH

and Large BH evaluated at T = TP , respectively. Notably, for the second-order phase transition

at the critical point, AS = AL = Ac, resulting in ∆A = 0. In Figure 5, we illustrate ∆A/Ac as

a function of t ≡ Tp/Tc, where t = 1 at the critical point. It is evident that during the first-order

phase transition from Small BH to Large BH, the conjugate variable A jumps from AS to AL with

a nonzero ∆A. Consequently, ∆A can be treated as an order parameter. To investigate the critical
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FIG. 5. The plot of ∆A against t near the critical point.

behavior of ∆A, we expand ∆A in terms of t near the critical point and obtain,

∆A
Ac

∝
√
1− t (22)

This calculation yields a critical exponent of ∆A as 1/2. Remarkably, our findings indicate that

the critical exponent of ∆A mirrors that of the order parameter in the van der Waals fluid as

predicted by mean field theory.

IV. JOULE THOMSON EXPANSION OF THE BLACK HOLE

An intriguing aspect of a van der Waals (vdW) system is the occurrence of heating or cooling

during the throttling process. Given the analogy between the phase structures of 4D Gauss-Bonnet

black hole systems and vdW systems, it is worthwhile to explore the Joule-Thomson expansion of

the black hole.

A. Joule-Thomson effect

The Joule-Thomson effect involves the irreversible adiabatic expansion of a gas as it passes

through a porous plug. In this process, a non-ideal gas undergoes continuous throttling, resulting

in a temperature change in the final state. When gas from a higher-pressure side with pressure Pi

and temperature Ti expands through a porous plug, it traverses dissipative non-equilibrium states

due to friction between the gas and the plug. Usual thermodynamic coordinates are inadequate for

describing these non-equilibrium states. However, it has been observed that the enthalpy, defined

as the sum of internal energy and the product of pressure and volume, remains constant in the

final state [61]. Thus, the enthalpy function H = U + PV is introduced as a state function, which
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remains unchanged in the final states

Hi = Hf (23)

It is not accurate to assert that enthalpy remains constant during this process, as enthalpy is

not defined when the gas undergoes non-equilibrium states. The phase diagram consists of a

set of discrete points, with the initial point (Pi, Ti) and all subsequent points (Pf , Tf ) representing

equilibrium states of a gas with the same molar enthalpy (h) at both the initial and final equilibrium

states. These discrete points, corresponding to the same molar enthalpy, lie on a smooth curve

known as an isenthalpic curve. In summary, an isenthalpic curve represents the locus of all points

with the same molar enthalpy, encompassing both initial and final equilibrium states. Multiple

isenthalpic curves can be obtained for different values of enthalpy.

The slope of an isenthalpic curve on the T − P plane is referred to as the Joule-Thomson

coefficient µJ , defined as

µJ =

(
∂T

∂P

)
H

. (24)

The Joule-Thomson coefficient is zero at the maxima of the isenthalpic curve, and the locus of such

points is called the inversion curve. Inside the inversion curve, where the gradient of isenthalps

(µJ) is positive, is termed the region of cooling, while outside, where µJ is negative, is known as

the region of heating. The differential of molar enthalpy is given by

dh = Tds+ vdP. (25)

Recalling the second TdS equation in classical thermodynamics

TdS = CPdT − T

(
∂v

∂T

)
P

dP. (26)

Using Equation (26) in Equation (25) yields

dT =
1

CP

[
T

(
∂v

∂T

)
P

− v

]
dP +

1

CP
dh. (27)

This gives

µJ =

(
∂T

∂P

)
H

=
1

CP

[
T

(
∂v

∂T

)
P

− v

]
. (28)

The condition µJ = 0 defines the inversion temperature.
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FIG. 6. Inversion curve and isenthalpic curves for neutral (left) and charged (right) 4D Gauss-Bonnet AdS

black holes. The red monotonously increasing line represents the inversion curve. The curves with changing

slopes, exhibiting maxima on the inversion curve, depict the isenthalps for different values of M .

B. Joule Thomson expansion of Gauss-Bonnet AdS blackhole

In the extended phase space, the black hole mass is equivalent to enthalpy [12, 15]. Hence,

the isenthalpic curves, representing the locus of all points corresponding to the initial and final

equilibrium states of the same enthalpy, are constant mass curves. The slope of an isenthalpic

curve is the Joule-Thomson coefficient, which now reads,

µJ =

(
∂T

∂P

)
M

=
1

CP

[
T

(
∂V

∂T

)
P

− V

]
. (29)

As µJ = 0 defines the inversion temperature, we have

Ti = V

(
∂T

∂V

)
P

. (30)

For the Gauss-Bonnet AdS black hole, we obtain,

Ti =
2α2 + 8πP

(
r6 + 6αr4

)
+Q2

(
2α+ 3r2

)
− r4 + 5αr2

12πr (2α+ r2)2
(31)

From Equation (6), we have

Ti = −α− 8πPr4 +Q2 − r2

4πr3 + 8παr
. (32)

We solve equations (31) and (32) for rh and obtain

rh =
1

2
√
3π

√
Γ2/3 − Γ1/3 + 6πP (α+ 3Q2) + 1

Γ1/3P
(33)
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where

Γ = 432π2αP 2
(
α+Q2

)
− 9πP

(
α+ 3Q2

)
− 1

+

√
(−432π2αP 2 (α+Q2) + 9πP (α+ 3Q2) + 1)2 − (6πP (α+ 3Q2) + 1)3.

(34)

By substituting (33) into equation (31), we obtain the expression for the inversion temperature,

Ti =
1

6
√
3πΓ1/3

(
Γ2/3 − Γ1/3 + 6πPi

(
4αΓ1/3 + α+ 3Q2

)
+ 1
)2√Γ2/3−Γ1/3+6πPi(α+3Q2)+1

Γ1/3Pi

×

[
2Γ2 + 9Γ5/3(16παPi − 1) + Γ

(
144πPi

(
α+ 18πα2Pi +Q2(42παPi − 3)

)
− 23

)
+ 18Γ2/3

(
4πPi

(
3Q2 − α

)
+ 1
) (

6πPi

(
α+ 3Q2

)
+ 1
)
+ 18Γ4/3

(
4πPi

(
3Q2 − α

)
+ 1
)

+ 9Γ1/3(16παPi − 1)
(
6πPi

(
α+ 3Q2

)
+ 1
)2

+ 2
(
6πPi

(
α+ 3Q2

)
+ 1
)3]

(35)

We plot this in Figure 6. Both neutral and charged Gauss-Bonnet black holes exhibit similar

behavior, reaffirming our previous observation that the Gauss-Bonnet coupling parameter plays a

role analogous to the charge or spin of a black hole in determining its phase structure. In other

words, the presence of an electric charge Q is not necessary to observe the Joule Thomson expansion

phenomenon in Gauss-Bonnet spacetime. Instead, the Joule Thomson expansion is guided by the

Gauss-Bonnet coupling constant α, which arises from the coupling of gravity to a scalar field. The

isenthalps are also shown in the same set of diagrams, known as crossing diagrams. The region to

the left of the inversion curve corresponds to the cooling region, while to the right is the heating

region during the throttling process.

V. CONCLUSIONS

In this article, we have examined the thermodynamics and phase transition properties of asymp-

totically AdS black holes within the scalar-tensor Einstein-Gauss-Bonnet gravity, with a particular

focus on the Joule-Thomson expansion. While both charged and neutral cases exhibit similar

behavior, the neutral case holds particular interest. We observed that several thermodynamic

characteristics of 4D Gauss-Bonnet AdS black holes resemble those of charged and spinning black

holes in AdS spacetime, a similarity also observed in higher-dimensional Gauss-Bonnet black holes.

This underscores the unique influence of the scalar field coupling on the thermodynamic descrip-

tion. It is well-known that Schwarzschild AdS black holes exhibit Hawking-Page transitions, while

charged/spinning AdS black holes demonstrate van der Waals-like phase transitions. Given that

neutral 4D Gauss-Bonnet AdS black holes display van der Waals-like phase transitions, we can
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infer that coupling Einstein gravity to a scalar field induces effects similar to those of black hole

charge or spin in guiding the black hole phase structure.

We first explored the extended thermodynamics of black holes, treating the cosmological con-

stant as pressure. We studied the phase transition of the black hole through the P − V criticality,

Gibbs free energy, and specific heat behaviors. The black hole was observed to undergo a first-order

phase transition between a small black hole phase and a large black hole phase. This first-order

transition line terminates at the critical point, where the phase transition becomes second order.

We carefully analyse how the Gauss-Bonnet parameter influences the phase structure of the Gauss-

Bonnet AdS black hole, particularly by examining the behavior of the conjugate variable to the

Gauss-Bonnet parameter, denoted as A. It was found that the behavior of A as a function of tem-

perature below the critical point (P < Pc) demonstrates three branches, corresponding to three

coexisting black hole phases. Conversely, when the pressure exceeds the critical value (P > Pc),

A becomes a single-valued function of temperature, coinciding with one black hole phase. At the

first-order phase transition, the discontinuity in ∆A can serve as an order parameter to character-

ize the black hole phase transition. Notably, ∆A exhibits a critical exponent of 1/2 at the critical

point.

In the second part of the article, we analyse the Joule Thomson expansion of the 4D Gauss-

Bonnet black hole. Since the mass of the black hole is identified as the enthalpy of the system in

the extended thermodynamics, it remains constant throughout the Joule Thomson expansion. We

derived an analytical expression for the inversion temperature of the 4D Gauss-Bonnet AdS black

hole, unveiling insights into its throttling process, where expansion can induce either heating or

cooling effects. Through the illustration of cooling and heating regions across various charge (Q)

and mass (M) values, we observed the presence of Joule Thomson expansion in both charged and

neutral Gauss-Bonnet black holes. This observation highlights the analogous role of the Gauss-

Bonnet parameter to black hole charge or spin in governing the black hole phase structure in Gauss-

Bonnet spacetime. This relationship may be attributed to the consequences of the Horndeski-type

theory, particularly the influence of the scalar field φ in 4D Gauss-bonnet theory. Given that A

serves as an order parameter, an intriguing aspect for further exploration lies in investigating the

microstructure and continuous phase transition using the Landau theory [62, 63]. Additionally,

examining the holographic dual of extended black hole thermodynamics in this context for the 4D

Gauss-Bonnet AdS black hole [64] could offer valuable insights from a holographic standpoint.
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