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Abstract We investigate the propagation of scalar fields in
the gravitational background of higher-dimensional, electri-
cally charged, regular de Sitter black holes. Using an approxi-
mate analytical approach, we derive expressions for the grey-
body factor for both minimally and non-minimally coupled
scalar fields. In the low-energy regime, we find that the grey-
body factor remains non-zero for minimal coupling but van-
ishes for non-minimal coupling, indicating a significant influ-
ence of curvature coupling on the emission profile. Exam-
ining the greybody factor alongside the effective potential,
we explore how particle parameters (the angular momentum
number and the non-minimal coupling constant) and space-
time parameters (the dimension, the cosmological constant,
and the non-linear charge parameter) affect particle emission.
While non-minimal coupling and higher angular momentum
modes generally suppress the greybody factor, the non-linear
charge parameter enhances it. We then compute the Hawk-
ing radiation spectra for these black holes and observe that,
despite the non-linear charge enhancing the greybody factor,
both non-minimal coupling and the non-linear charge ulti-
mately reduce the total energy emission rate. These results
provide insights into how modifications to classical black
hole solutions in higher dimensions, through the inclusion of
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non-linear electrodynamics, impact their quantum emission
properties.

1 Introduction

Black holes have long been a cornerstone in the exploration
of gravitational physics, offering profound insights into the
nature of spacetime, quantum mechanics, and thermodynam-
ics. Classical solutions to Einstein’s field equations, such as
the Schwarzschild and Kerr black holes, predict the existence
of singularities-points where spacetime curvature becomes
infinite and the known laws of physics break down. These
singularities not only challenge our theoretical frameworks
but also highlight the limitations of classical general relativ-
ity. To address these profound issues, the concept of regular
black holes has emerged as a promising candidate. Unlike
their classical counterparts, regular black holes are devoid of
singularities, featuring a nonsingular core that ensures finite
curvature invariants throughout spacetime.

The journey toward understanding regular black holes
began with Bardeen’s seminal work in 1968, where he pro-
posed a static, spherically symmetric solution that intrigu-
ingly avoided singularities [1]. Although Bardeen’s solution
was not an exact solution to Einstein’s equations, it laid
the groundwork for future explorations into singularity-free
black hole models. Nearly three decades later, Ayén-Beato
and Garcia made significant strides in this area by deriv-
ing exact regular black hole solutions within the framework
of non-linear electrodynamics (NLED) coupled to Einstein
gravity. Their pioneering work, first published in [2], intro-
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duced electrically charged regular black holes that possessed
a proper Maxwell limit. They further expanded this frame-
work by introducing diverse solutions through modifications
of the NLED Lagrangian [3,4].

Later, Ay6n-Beato and Garcia reinterpreted Bardeen’s
original solution as a non-linear magnetic monopole, thereby
providing an exact NLED-based solution for the Bardeen
black hole [5]. Building on this foundation, subsequent
studies extended the landscape of regular black holes by
presenting the Bardeen model as a solution to Einstein’s
equations in the presence of an electric source [6]. Addi-
tionally, higher-dimensional generalizations of the Bardeen
black hole were introduced, further enriching the diversity
of regular black hole models [7]. In recent years, a plethora
of studies have emerged on regular black hole solutions
and related topics [8-22]. In this work, we present a class
of higher-dimensional electrically charged regular solutions
that include the Bardeen and Hayward cases.!

The exploration of black hole solutions in higher-dimensi-
onal spacetimes has garnered substantial interest, not only
due to their applications in string theory and braneworld sce-
narios but also because they offer intrinsic insights into the
nature of gravity and spacetime. Studying General Relativity
in more than four dimensions allows physicists to investigate
how fundamental properties of black holes extend beyond
the familiar four-dimensional case, revealing unique features,
such as altered thermodynamic behaviour, modified stability
criteria, and the possibility of non-spherical horizon topolo-
gies [24]. Understanding these differences helps determine
which characteristics are peculiar to four dimensions and
which are general properties of gravitational theory. Addi-
tionally, higher-dimensional black holes play a crucial role
in the AdS/CFT correspondence, relating gravitational phe-
nomena in d-dimensional Anti-de Sitter space to quantum
field theories in d — 1 dimensions [25]. They also have impli-
cations for high-energy physics, where scenarios involving
large extra dimensions and TeV-scale gravity suggest the
conceivable production of microscopic black holes in future
colliders [26,27]. As mathematical objects, these black hole
spacetimes are among the most significant Lorentzian Ricci-
flat manifolds in any dimension, and their study contributes
to a deeper understanding of classical black holes and the
extremal behaviour of spacetime.

Incorporating a positive cosmological constant (A) intro-
duces a de Sitter (dS) background, which not only modifies
the asymptotic structure of spacetime but also introduces
a cosmological horizon alongside the event horizon of the
black hole. This modification has profound implications for

! Hayward proposed a framework that incorporates the dynamic for-
mation, quiescence, and evaporation phases of nonsingular black holes,
supported by physically reasonable energy conditions [23].
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the propagation of fields and particles, as well as for the ther-
modynamic properties and stability of black holes [28-31].

A critical aspect of black hole physics is the phenomenon
of Hawking radiation,”> wherein black holes emit particles
due to quantum effects near the event horizon [48]. This radi-
ation is inherently thermal; however, the spectrum deviates
from that of a perfect blackbody due to the presence of a
greybody factor [49,50]. The greybody factor quantifies the
probability that emitted particles can traverse the potential
barriers surrounding the black hole and reach an observer at
infinity. Understanding the greybody factor is essential for
accurately characterizing the emission spectra and for prob-
ing the underlying spacetime geometry [51] (see Ref. [52]
for an interesting read).

In this study, we investigate the propagation of scalar fields
in the gravitational background of higher-dimensional elec-
trically charged regular Bardeen—de Sitter black holes. Scalar
fields, governed by the Klein—Gordon equation, serve as a
simplified yet insightful model for exploring wave propaga-
tion in curved spacetimes [52]. The complexity of the space-
time geometry necessitates the use of approximate analytical
methods to solve the radial part of the scalar field equation.
We employ a matching technique, solving the radial equation
in distinct regions-near the event horizon and near the cosmo-
logical horizon-and subsequently matching these solutions in
an intermediate region [31,53]. This approach facilitates the
derivation of an analytical expression for the greybody factor
in the low-energy regime.

Our analysis reveals that both spacetime properties, such
as the cosmological constant A, the non-linear charge param-
eter ¢, and the spacetime dimension d, as well as particle
properties, including the angular momentum number / and
the non-minimal coupling constant &, significantly influence
the greybody factor. Specifically, higher angular momentum
numbers and stronger non-minimal couplings tend to sup-
press the greybody factor, thereby reducing the probability
of low-energy particle emission. Conversely, the non-linear
charge parameter g enhances the greybody factor by lowering
the effective potential barrier, facilitating greater emission
probabilities. The cosmological constant exhibits a nuanced
dual role: it can either enhance or suppress the greybody fac-
tor depending on the value of the coupling constant &, high-
lighting a complex interplay between scalar field coupling
and cosmological expansion.

Furthermore, we compute the power spectra of Hawking
radiation for these black holes, which depend intricately on

2 The consideration of solutions in extra spacetime dimensions has
provided a significant boost in this direction, as these dimensions may
lead to the formation of mini black holes in high-energy particle collid-
ers [32-34] or cosmic ray interactions [35-38], enabling the potential
detection of associated Hawking radiation [39,40]. Notably, Hawking
radiation is also linked to quasinormal modes [41-45] as well as black
hole shadows [16,46,47].
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both the greybody factor and the black hole’s temperature.
The temperature itself is influenced by the non-linear charge
and the cosmological constant, leading to a rich tapestry of
dependencies in the emission rates. Our results indicate that
non-minimal coupling generally suppresses the total energy
emission rate, while the effects of the non-linear charge are
multifaceted due to its simultaneous influence on the grey-
body factor and the black hole temperature. The cosmologi-
cal constant continues to play a dual role in energy emission,
consistent with its behaviour in influencing the greybody fac-
tor.

This investigation extends the understanding of regular
black holes in higher-dimensional de Sitter spacetimes and
provides valuable insights into how modifications to classi-
cal black hole solutions affect quantum processes like the
Hawking radiation. The findings hold potential implications
for theories involving extra dimensions and contribute to the
ongoing efforts to reconcile general relativity with quantum
mechanics. Moreover, the study of greybody factors in such
rich geometries opens avenues for future research, including
numerical analyses to explore the high-energy regime and
extensions to other types of fields, such as spinor and vector
fields.

The paper is organized as follows: in Sect. 2, we present
the derivation of electrically charged regular black hole solu-
tions in d-dimensional de Sitter spacetime, discussing their
properties and physical interpretation. Section 3 focuses on
the formulation of the Klein—Gordon equation in this back-
ground and the challenges associated with solving it. In
Sect. 4, we derive an approximate analytical expression for
the greybody factor by matching solutions near the event and
cosmological horizons. Section 5 analyses the effects of vari-
ous spacetime and particle parameters on the greybody factor
and the effective potential, providing insights into the emis-
sion of scalar particles. In Sect. 6, we compute the power
spectra of Hawking radiation, exploring how the parame-
ters influence the energy emission rate. Finally, in Sect. 7,
we summarize our findings and discuss potential avenues
for future research, including numerical methods to address
the high-energy regime and extensions to other types of
fields.

2 Regular-de Sitter black holes in d dimensions

In this section, we briefly present the exact solution of a reg-
ular black hole in a d-dimensional de Sitter background [7].
We start with the action describing general relativity coupled
to non-linear electrodynamics in d dimensions,

s= —— [dlxy=gIR +24 - L), (1)

- 167

where d is the spacetime dimension, R is the Ricci scalar, A is
the cosmological constant, and the Lagrangian density £(F)
isafunction of ¥ = F,, F*". Here, F),, = V, A, =V, A, is
the electromagnetic field strength tensor. The variation of the
action (1), 6§ = 0, yields the equations for the gravitational
field and the non-linear Maxwell Field,

1
R;w - EguvR = T;w» (2)

Vi (LFF*’) =0, V, (xF") =0, A3)

where L = 0L/dF, and the energy-momentum tensor is
given by

1
TMV =2 |:£}‘FMO¢FVQ — Zgﬂvﬁ(f)} . (4)

Using the Einstein and Maxwell equations, it was shown
that a four-dimensional asymptotically flat Bardeen black
hole can be associated with an electric source [6]. Here, we
extend the argument to the more general case in arbitrary
d dimensions with a positive cosmological constant A for a
family of regular black hole solutions described by the action
(1). Considering a static and spherically symmetric black
hole, the only non-zero component of the electromagnetic
field tensor is F1°. From Maxwell’s equations, we have

d-3

0_ 49 —1
Fl0 = rd—2£f' 5)

The metric for a class of spherically symmetric, electri-
cally charged regular de Sitter black holes is given by

dr?
ds® = —h(r)dt* + ey +r2de; ,, (6)

where the metric function is

m(r) 2 Ar?
h(r)y)=1-— — , 7
) a2 d—1)d—2) )
and the mass function is
pre
m(r) = (®)

(rﬁ + qﬂ)a/ﬁ ’

The metric function reduces to the Bardeen solution when
oa=d—1land f =d—2,whilefora =8 =d—1,it
reduces to the Hayward solution. The parameter u is related
to the mass of the black hole M by

16 GM

- 9
(d—2)$242 ©

uw
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where £2;_» is the volume of the unit (d — 2)-sphere. Here,
q is the non-linear parameter arising when gravity is coupled
to non-linear electrodynamics (in our case, g is interpreted as
the electric charge). In the limit ¢ — 0, the metric reduces
to that of the Schwarzschild-de Sitter black hole. For the
electric case, from Egs. (2) and (4), we can write the non-
zero components of the Einstein equations as,

am/(r) q2(d—3) 1
" e L 5 (10)
Vi
m) _ (11)
.

In terms of the horizon radius rj,, ; can be expressed as

a/p
o= 1+£ re? 1—i (12)
B h d—-1d-2))"

T

The constant g has a significant effect on the stability of
regular black holes. Through perturbation analysis, it was
found that regular de Sitter black holes are unstable in cer-
tain parameter regions [44,54,55]. In our discussions, we
restrict the parameters to the stable region such that space-
time always has two horizons: the black hole horizon r;, and
the cosmological horizon 7.

The Lagrangian £(r) and its derivative £ = (r) are obtained
by solving Egs. (10) and (11), yielding

nr*=3qP [(@ — Dag? — (B + Darf]
(rB + qB)@?P/P ’
(rﬁ +qﬁ)(a+2ﬁ)/ﬁ

Lr@r) = La(2B + 1) ratBH1=d gB—2d=3)" (14)

L(r) =

(13)

Fora = d—1and 8 = d — 2, we obtain L(r) and its
derivative £ #(r) for the Bardeen case,

prd=4qd=2 [ =2 = g2 — @ - 1?42

L(r) = (,d—z N qd_2)(3d—5)/(d—2)

(15)
(Bd=5)/(d=2)
g4 <rd—2 + qd—2>

LFo) = = T d — 3)2@1

(16)

When d = 4, the above expressions for the Lagrangian and
its derivative reduce to those given in Ref. [6]. For « =
B = d — 1, we obtain L(r) and its derivative £z (r) for
the electrically charged Hayward black hole as

=gt~ (@ =2 = 1g?=! — d(@ — Hri-]

L(r)= (rd71 +qd71)3

’

)

@ Springer

3
¢4-3 (rd—l +qd—l)

w(d —1)@2d — Dr2d=1"

L) = (18)

Although we have a family of electrically charged regular
black hole solutions for different combinations of « and 8,
in the subsequent analysis, we focus only on the electrically
charged regular Bardeen—de Sitter black holes.

As a consistency check and for the physical relevance of
the solutions and the source, we examine the energy con-
ditions. We identify the terms T = —p, T" = p,, and
T(;ii =p,(fori =1,2,...,d —2), where p, p,, and p; are
the energy density, radial pressure, and tangential pressure,
respectively. The energy conditions are given by>

d—1
SEC(=p+) pi=d—2)p =0,
i=l1
WEC 2(r) = NEC2(r) = p + prr =0,
WECs(r) = DECi(r) = p = 0,
DEC23(r) = p — prs = 0. (19)

We calculate the expressions for the energy density, radial
pressure, and tangential pressure as

pd—1d—2ri 42 A
p(r) = + o
(rd=2 +qd—2)(2d—3)/(d—2) 8

wd — 1) —2)rd=4qg?=2 A

pr(r) = = qd—2)(2d_3)/(d_2) T8’
urd=4g1=2 [ (@ = 2(d ~ g2 + (@ — )?r2]
pi(r) = (2 + qd_z)(3d—5)/(d—2)
A
-2 (20)

Therefore, the expressions for the energy conditions are

SEC(r) = (d — 2)
(Wd—“qd—Z [ 2@ - 1g?2 + @ - 12

_ _2\(3d—5)/(d—2
(rd 24 4d 2)( )/(d=2)
A
87 )’

WEC, (r) = 0,

w(d — 1)2d — 3)r2d=3¢d=2
(rd=2 + qd—z)(3d—5)/(d—2) ’

WEC,(r) =

pd -1 =22 4
(rd_2 +qd—2)(2d73)/(a’*2) 8’

WEC;3(r) = DEC| (r) =

3 SEC: strong energy condition, WEC: weak energy condition, DEC:
dominant energy condition, NEC: null energy condition.
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Fig. 1 Energy conditions SEC, WEC,, WEC3, and DEC3. As
expected for a regular black hole, the SEC is violated for arbitrary
d dimensions. The behavior of SEC near the center is shown in the

2u(d — 1)(d —2)rd=%q4=2 A

DECZ(V))C = (rd?z N qdfz)(2d*3)/(d*2) E1
/L(d _ l)rd—4qd—2 [Z(d -2) qd—2 _ rd—Z] A
DEC3(r) = . qd—Z)(3d—5)/(d_2) o
(21)

The expressions (20) and (21) reduce to the corresponding
expressions for the electrically charged Bardeen black holes
in four dimensions when A = 0 [6]. From the above expres-
sions, we observe that the strong energy condition is violated

14

12

10

WEC,

1.50 1.75 2.00

100

80

60

DECs

40

20

0.0 0.2 0.4 0.6 0.8 1.0
T

inset of (a). In the plots, we set A = 0.01, ¢ = 0.65, and M = 1 (Since
DECy; =2 x WEC3, only WEC3 is shown.)

d—2\! /(d—2)
a—1
for d = 4 in the limit A = 0 [6]. This is expected, since this
region is inside the event horizon and the metric function
becomes negative at this value of r, a typical behaviour for
any black hole spacetime with a regular centre. However, the
condition p, = p; is not met by the d-dimensional electri-
cally charged regular black holes, indicating an anisotropic
perfect fluid with p, = —p. Therefore, DEC> = 2x WEC3.
Following [6] (see also [56-58]) we present the graphical

representations of the energy conditions, as shown in Fig. 1.

when r < ¢, which reduces to r < (%)1/2 q

@ Springer
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3 The Klein—-Gordon equation

To explore the concepts involved in studying the scattering
of waves by black holes, we consider the relatively simple
case of scalar waves. Although no massless scalar fields have
been observed in nature, scalar waves provide a useful model
because the fundamental equations governing weak electro-
magnetic fields or gravitational waves in curved spacetime
are essentially similar to the scalar field wave equation [52].
Therefore, analysing scalar fields allows us to gain insight
into the scattering processes. We assume that the higher-
dimensional regular black hole emits scalar particles that
carry small amounts of mass or energy compared to the black
hole mass, so the gravitational background remains effec-
tively unchanged [31].

In this section, we study the emission of scalar particles
that are minimally or non-minimally coupled to gravity. For
the coupling of the scalar field @, we have an additional term
in the action,

1
Sp = _E/ddx,/_—g [gqbzR + auqbaﬂqs], (22)

where £ is the non-minimal coupling parameter determining
the strength of the coupling; & = O corresponds to minimal
coupling. The propagation of the scalar particle is governed
by the following equation of motion,

V,Vi® = ERQD. (23)

It is customary to make an ansatz in a spherically sym-
metric background,

D = e Y)Yy (). (24)

where Y(l dfz)(“Q) are the spherical harmonics on S¢~2. Sub-
stituting the ansatz (24) into the equation of motion (23), we
obtain a separable form, from which the radial equation reads

2 —
4 (hrd2d_¢)+|:w_ — w —§R]¢ —0.
h r

(25)

Redefining the radial functionasu(r) = r o ¢ (r), and intro-
ducing the tortoise coordinate r, defined by dr, = dr/h(r),
we have

2
‘:IT'; + <w2 _ V(r)) u=0. (26)

@ Springer

where the effective potential is

- -2
V(r) = h(r) [—l(l +:§ ) +ER+ —dzr n
L@=2d-9, @7
4r2 ’

The effective potential vanishes at the two horizons
because the metric function £ also vanishes there. The depen-
dence of the effective potential on spacetime properties
(A, g, d) and particle properties (£, ) can be studied from
the above equation. In our analysis, we use equations (7) and
(8), setting r;, = 1. The Ricci scalar is given by

(¢ +r#) P
d?>—3d+2

X |:r2’3{<a2—7a+12> <d2—3d+2),u

4244 (g% + rP)* ’3}

R =

+ ¢%rP {48A (% + r’g)a/}3
—(d2 —3d+2>u[a(ﬂ+7) —24]}

+ 12g% (4 =3d +2) p+24(g° +rﬂ)°‘/ﬁ”,

(28)

where p is given by equation (12). We will illustrate these
behaviours along with the profile of greybody factor in the
following sections, as this will provide intuitive insight into
particle propagation.

4 Greybody factor

Hawking’s seminal work [48] demonstrated that black holes
emitradiation with a thermal spectrum, using a semi-classical
approximation. The expected number (n(w)) of particles of
a given species emitted at frequency w is given by

Y (w)

(n(w)) = m,

(29)

where Ty is the Hawking temperature, and the plus (minus)
sign corresponds to fermions (bosons). The function y (w)
is the greybody factor, representing the probability that an
outgoing wave with frequency w will reach infinity. This
factor is crucial because it introduces deviations from the
perfect blackbody spectrum; if y (w) were constant (specifi-
cally, equal to one), the emission spectrum would be that of
an ideal blackbody.
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In terms of the Schrodinger-like problem (26), the absorp-
tion probability y (w) can be expressed as y (w) = |T(w)|2,
where T (w) is the transmission coefficient for the potential
barrier in the spacetime geometry under consideration. Thus,
calculating the greybody factor amounts to determining the
tunnelling probability through the effective potential barrier.
Our goal is to compute y (w) for the scalar field propagating
in the higher-dimensional electrically charged regular black
hole spacetime.

Following the method proposed by Kanti et al. [31], we
divide the spacetime into three regions to facilitate the match-
ing process:

e Region I: Near the event horizon (r ~ ry,), where the
effective potential V (r) < w?.
e Region II: The intermediate region between the event
horizon and the cosmological horizon, where V (r) >
2
w”.
e Region III: Near the cosmological horizon (r =~ r.),

where the effective potential again satisfies V (r) < w?.

We will obtain approximate solutions in Regions I and III
and then match them in Region II to compute the greybody
factor.

4.1 Near the event horizon

To solve the radial equation near the black hole event hori-
zon, we make the following coordinate transformation and
redefine the cosmological constant:

2A

s A=
(d—-1d -2

V—>f(r)=1 d (30)

— Ar2
where i = h(r) is the metric function defined earlier. The

transformed variable f varies from O to 1 as r goes from r,
to r > rp,. The derivative satisfies the relation

df 1—f Ap)
ar T - A2 GD
where
. d— 11— Ar?q?=?
A)=d =3+ @d—1DArt r3£2+qdr_;q
(32)

which reduces to Agqgs = d — 3 + (d — 1)Ar? for the
Schwarzschild—Tangherlini—de Sitter (SdS) black hole when
q=0.

In terms of the transformed variables, the radial equation
near the event horizon takes the form

(1 )ﬁ + (1 —B,f) @
0= Dz + =B g
(ra)®  (wra)® (= Ar)|
+ |:— A% + A%f - Aﬁ(l s ¢ =0, (33
where we have used the abbreviations
1— /ir}% ,
By=2-— A—% [(d —3DA,+TrA (rh)] , (34)
=10 +d—3)+eRMr}, (35)

with A, = A(rp), and R™ is the Ricci scalar evaluated at
the event horizon r = ry,, given by

—2rh +(d — 3)(1 — h)

r2 r=ry

RW = —p" 4 (d —2)

. (36)

We have also made use of the approximation near the event
horizon f ~ 0:

(wrp)?
AZf
(37)

@2 (@)1 —f) _ (o)’
) ALf A7

This manipulation avoids unphysical behaviour that may
arise due to the poles of the Gamma function, as noted in
Ref. [59].

By redefining the field as ¢ (f) = f*1 (1 — )P W(f),
Eq. (33) becomes a hypergeometric equation:

1 W 1+2 2 2 B W
U= )+ 1+ 200 = Qe 281+ By) f1 4
_ @’ + Aj@ Bt thoDy,
Ah
(38)

The coefficients are given by

_i2 (39)
Bi =% 2—Bhi\/(2—Bh)2+M).

2
Ah

The solution to the above equation is the standard hyper-
geometric function F (ay, b1, c1; f), with parameters

@ Springer
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1 4a)2rﬁ
al=a1+pi+=|Bn—1+ /(1 —Bp)?— ,

2
2 As
1 4a)2r}%
by=a1+p1+ 5B —1— /(01— Bp)?——5+],
2 A;
c1 =1+ 2. (40)

Considering the original and redefined fields ¢ (/) and W (f)
near the event horizon, the radial function ¢ (f) takes the
form

b = AL (1 — HPIF(ar, b, cr; f) + Ay f 411 — )P
x Fl4+ay —c1,14+by—c1,2—c1; f),
(41)

where A| and A; are constants. In the vicinity of the event
horizon, f — 0, and the solution simplifies to
¢n = Ay fY + Ay f T 42)

At the black-hole horizon, the effective potential van-
ishes. Consequently, the general solution in this region can
be expected to take the form of free plane waves,
by ~ Are™ ™ 4 Ayl (43)
It is clear that for f oc e/ the two solutions (42) and
(43) are consistent under suitable redefinitions of the integra-
tion constants. Since we require only ingoing waves at the
event horizon, we choose &1 = —iwry, /Ap, corresponding to
the ingoing mode, and set A> = 0. Additionally, to satisfy the
convergence condition (which imples Re(c; —aj —b1) > 0)

of the hypergeometric function, we take the negative branch
of B1. Therefore, near the event horizon, the solution becomes

on = ALf (1 — PP F(ar, by, c1; ). (44)

4.2 Near the cosmological horizon

We now focus on the radial region near the cosmological
horizon r., employing a similar approach. Here, the metric
function 4 is approximated as [31,51,53,59]

~ d-3 ~ ~ ~
oy =1-Ar? = () T A=Ay ~h=1- A, (45)
r

valid in the limit where r > rj,. The function h varies from 0
atr = rqto lasr < r.. This approximation is more accurate
for small A (large r.) and higher spacetime dimensions d.
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We make the change of variable r — h(r), so that the
radial equation near the cosmological horizon becomes

P - d*¢ d+1.\ do
( )dh2+< 2 >dh
(wre)? Il +d—3)  ERO2
P o =0, (46
+[ 4h 41 — h) T |? (46)

where R is the Ricci scalar at r = r., given by

—2rh’ +(d —3)(1 — h)
2

RO ="+ (d-2)

r=re

(47)

r

By redefining the field as ¢ (h) = h%2(1 — h)P2X (h), the
above equation becomes a hypergeometric equation

- - d’Xx d+1\-.]dx
h(1—h) +[1+2a2—(2a2+2ﬂ2+i>h]—

dh? 2 dh
2+ B+ pr+d—D+ sR@rgX 0
4 - Y
(48)
with
d+1-3 [
azzii“’;, ﬂ2=—+T or 3. (49)

The solution to this hypergeometric equation is

¢c = Bih™(1 — )2 F(ay, b, c2: h) + Boh™*2(1 — )P
X F(l4+ay—ca, 14+by—c3,2 —ca; h),

(50)
with parameters
d—1+./(d~1)? - 4£ROP
d—1-/d~17 - 4RO
by =ar+ po+ 2 ’
=1+ 2. (5D

Here, B; and B; are constants. To satisfy the convergence
condition of the hypergeometric function (which implies
Re(cy —apx — by) > 0), wetake fp = —(d +1 — 3)/2.

Near the cosmological horizon h— 0, the metric function
and the effective potential vanish, so the solution represents
a superposition of ingoing and outgoing plane waves:

¢c = Bre™' " + Bye'", (52)
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where r, is the tortoise coordinate near r = r., given by

Fe = %rc In (:xz i’} ) The negative exponent corresponds to

an ingoing wave, while the positive exponent corresponds
to an outgoing wave. We chose oy = iwr./2 to match the
behaviour of the solution. Unlike near the event horizon, both
ingoing and outgoing waves exist here. The amplitudes of
these waves determine the greybody factor for scalar fields
emitted by the black hole:

322

2
=1-|=. 53
[Veot | ’Bl (53)

4.3 Matching the solutions in the intermediate region

Having derived asymptotic solutions near both the black hole
and cosmological horizons, the solution is only complete if
these solutions can be smoothly matched for some radial
coordinate value in the intermediate region. This ensures that
the full radial solution is well-defined across the entire space-
time.

4.3.1 Black hole horizon

We begin by considering the solution near the event horizon.
In the intermediate region, where r > ry, the function f —
1. This limit allows us to rewrite the hypergeometric function
from the variable f to (1 — f),

I'e)l'(c —a—>b)
I'lc —a)T'(c —b)
x Fla,b,a+b—c+1;1—f)
c—apl@OI'(@a+b—0)
+d-=7) T @0
X F(c—a,c—b,c—a—-b+1;1—f).
(54)

F(a,b,c; f) =

Adopting the small-value approximation Arf « 1 and
recalling that A; >~ d — 3 in the region where r > rj, we
ensure this approximation remains valid as long as Ar? ~
r2/r3 « 1. From Eq. (30), in the limit » > rj,, we have

d—3
h—>1—]1r2+0<r’;—_3>. (55)
r

Under these conditions, the Ricci scalar R — %. For

2
small &, the term & R(h)r,% — 52211‘;" « 1, allowing us to

neglect it. Hence, we set B, >~ 1 and f; =~ —dlj.
From these approximations, we find

Y

d-2\ d-2 d—3

r 3

t-r=(1+4 (—h) ,
), r

[+d-3
B1+c1—a—b = 3 (56)

In this limit, the solution (44) becomes
b = Tor! + X, (57)

where

C(e)M(ar + b1 —c1)
C(a)T'(b1)

(d—1)(1+d-3)
gd-2\ T Lo
x |1+ _rd_2 , s
h
1 C(c)l(c1 — a1 — by)
I'(ci —apl(cr —by)

—(d=D)
qd—Z d-2)d-3) ;
x |1+ ) ry

T

Y= A

(58)
o =A

As emphasized in Ref. [31], the above approximations are
strictly valid only for expressions involving the factor (1— f),
not for the arguments of the Gamma functions themselves,
to maintain the accuracy of the analytical results.

4.3.2 Cosmological horizon

We now consider the asymptotic solution near the cosmo-
logical horizon. Similar to the previous case, we switch the
argument of the hypergeometric function from A to (1 — k)
as h — 1. We again use the small-value approximation for
the cosmological constant. In the region where r < r,

2
1—}3:(1) . (59)
re

We also have B, =~ —# and (B + 2 —apr — by) =~ %
Following a procedure similar to the event horizon case, we
find

dc = (Z3B1 + Z4By)r~ T3 1 (5B + Z6Bo)r!, (60)

where

D ()l (c2 —az — by) I4+d—3
3= roe,
['(c2 —a)T'(c2 — b2)

['2—c)l(c2—ax— bz)r,+d,3

Yy = ¢ )
T'(1 —a)T(1 = by)
(61)
s I'(e2)T (a2 + b2 — Cz)r,I
T Tl ¢
s FrQ—-—c)l(a+by—c2)
6

= T,
F(a—c+ Dl —c+1) ¢
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Since the two soluti.ons (57) gnd (§()) share the same %3 ~ iw rf’z +O(?), B4 ~ —lw réi—z + O,
power-law form, matching them is straightforward. Equat- d-3 d-3
ing coefficients of identical powers of r in Egs. (57) and  ¥s56 ~ 1 + O(w). (64)
(60), we obtain
Here,
¥3B1+ 24By = X1, X5B1+ Z¢By = 2. (62)
(d—1)g"?
AhO - (d - 3) - d—2 d—2
Solving for B and B; and substituting back into the greybody qe+ry,
factor expression, we find
and
% — 555
2 223 125 1
=] - |—— 63 _
|le| ’2126— 2224 ( ) BhO =

This result shares the same general form as those found in
Einstein gravity [31,60] and Einstein—Gauss—Bonnet grav-
ity [59]. However, in this case, the presence of the non-linear

q

NQ“’*‘-

r2( )d a2
4An0(2 — Bpo)(d — 3)yrd+2pd+3 [ 2l 4

((d — 3)g2r? — 2r2q7)°
x [ (247 +3d +7) ¢+ 42d + Drifg®
+(d - 3% ]
Substituting these into the greybody factor expression yields

d+1

(65)

2
|Vw1| =

| fo

5 + O(w).

1 d
5 d a-2 2 ¢ \¢ a-2
r il
Ano(Bio — 2)rird (—“ <q ) + 1) —(d = 3)yr2r (—” (q’g) + 1)

charge g, along with the cosmological constant A and the
non-minimal coupling &, influences the scalar field propaga-
tion and, consequently, the greybody factor.

The obtained expression (63) is suitable for small val-
ues of A and when the distance between the two horizons
is large. Moreover, since the energy of the emitted particle
does not appear explicitly in our approximation, the result
suggests validity across all energy ranges. Nevertheless, our
findings are most accurate in the low-energy regime. Devia-
tions at higher energies call for further investigation, poten-
tially requiring numerical methods to solve Eq. (25).

4.4 Low-energy limit

Having established that our analytic expression provides a
correct profile in the low-energy regime, we now derive the
low-energy limit (w — 0) for both minimally and non-
minimally coupled scalar fields.

For the minimal coupling case (§ = 0) and the lowest
mode of propagation (I = 0), one can show that

d—1

iw q d-2 a2
X~ Al—rd_3 (—) +1 + (’)(a)2),
(2 — Bho)Ano " Th

¥y~ A1 4+ O(w),

@ Springer

This shows that the probability of emitting low-energy scalar
particles remains non-zero, even for a higher-dimensional
electrically charged regular black hole. Thus, the fundamen-
tal feature of scalar propagation in a de Sitter background is
preserved. At the same time, the presence of the non-linear
charge ¢ significantly modifies the greybody factor.

In the non-minimal coupling case (§ # 0), evaluating the
limiting forms becomes more challenging. However, in the
low-energy regime, one can still demonstrate that

%3 = E 4 i S0 + Tr3ne?,
185 = K +iZi510 + Zi50,
%4 = E 4 iS00 + Srpne?,
1% = K +iZi610 + 1600

(66)

From these expansions, it follows that

|2 53— 218517 ~ |21 86— Za%u|* = (K — E)* +0(?).
(67)

Substituting this back into the greybody factor expression,
we obtain a non-zero term for low-energy scalar emission in
the non-minimal coupling case. This result holds for arbi-
trary modes, indicating that non-minimal coupling effec-
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Fig. 2 Effect of particle properties on the greybody factor (upper pan-
els) and the enhancement/suppression of the corresponding effective
potential (lower panels) ford = 6, A = 0.01, and ¢ = 0.5. The left

tively removes scalar modes exhibiting non-zero low-energy
asymptotic greybody factors.

5 The effect of spacetime and particle properties on the
greybody factor

The propagation of scalar fields in the gravitational back-
ground of a charged, regular de Sitter black hole is influ-
enced by both spacetime and particle parameters. The particle
properties, specifically the angular momentum number / and
the non-minimal coupling constant &, play significant roles.
Similarly, the cosmological constant A and the spacetime
dimension d affect propagation in a manner analogous to the
SdS case. Here, we have an additional spacetime parameter:
the non-linear coupling ¢, on which we focus more closely.
We investigate the dependence of the greybody factor on
these parameters, alongside the corresponding changes in
the effective potential.

We consider the greybody factor |y,,;|* as a function of
the dimensionless energy parameter wry. To gain an intu-

2.50 2.75 3.00

0.020 777
£E=0
0.015 §£=0.1
— £=0.2
5 0.010 c=03
e — £=04
0.005
0.000
0.00 0.05 0.10 0.15 0.20 0.25

WwWTh

1.0 1.2 1.4 1.6 1.8 2.0
T

panels show/ =0, 1, 2, 3, 4 for & = 0 (solid lines) and & = 0.5 (dashed
lines), while the right panels show / = 0 with £ =0, 0.1, 0.2, 0.3, 0.4

itive understanding of particle propagation, we present the
effective potential below the greybody factor plots.

Figure 2 illustrates the effect of particle parameters (/, £).
In the left panel, we show the first five partial waves for
1=0,1,2,3,4 with A = 0.01 (in units of , ). The solid
lines correspond to the minimal coupling case £ = 0, and the
dashed lines correspond to the non-minimal coupling case
& = 0.5. For both cases, increasing / suppresses the grey-
body factor, as higher modes face higher potential barriers.
Regardless of whether the scalar field is minimally or non-
minimally coupled, the dominant mode remains / = 0. Nev-
ertheless, the coupling parameter £ decreases the greybody
factor for all modes, with the effect being most pronounced
for the dominant mode. This influence of £ is also evident
in the effective potential. For & = 0, the low-energy grey-
body factor is non-zero, as shown previously; however, non-
minimal coupling alters this feature. In fact, in the right-hand
panel of Fig. 2, we study the dependence of particle propa-
gation on & for the lowest mode / = 0. Since non-minimal
coupling reduces the effective potential, the corresponding
greybody factor is enhanced.
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Fig. 3 Effect of spacetime properties (¢, d) on the greybody factor
(upper panels) and the enhancement/suppression of the corresponding
effective potential (lower panels) for A = 0.01,/ = 0,and & = 0.1. Left

Next, we focus on the effect of spacetime properties on
the greybody factor, although we discuss the role of the cos-
mological constant separately due to its peculiar behaviour.
In Fig. 3, we present the roles of (g, d) for the dominant
mode. The non-linear charge g enhances the greybody factor
by significantly lowering the effective potential. The grey-
body factors for various spacetime dimensions are shown
both with and without a non-linear charge (¢ — 0). For
higher dimensions, the greybody factor is suppressed, as the
potential barrier increases considerably. While the non-linear
charge modifies the saturation point of the greybody fac-
tor, it must still approach 1 in all cases at high energies,
as high-energy modes easily overcome the potential barrier.
We plot the greybody factors in the low-energy region, since
the matching approach employed in deriving y,, is valid in
this regime. Moreover, our analytical approach is limited to
even-dimensional spacetimes due to the appearance of Poles
in gamma functions, which constrains our ability to evaluate
the greybody factor. This issue has been observed in previous
works [31].

Finally, we examine the influence of the cosmological con-
stantin Fig. 4. Notably, its effect depends on the non-minimal
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panels: ¢ = 0.5,0.7,0.8,0.9, 1 ford = 6.Rightpanels:d = 4, 6, 8, 10
with ¢ — 0 (dashed lines) and g = 0.65 (solid lines). The inset of Fig.
2(d) shows a magnified view of the effective potential for d = 4

coupling parameter £. For small &, increasing A enhances
the greybody factor, whereas beyond a certain threshold in
&, it suppresses scalar emission. This competition between
& and A is also reflected in the effective potential. The dual
role played by A, as a source of homogeneously distributed
energy (enhancing effect) and as an effective mass term via
non-minimal coupling (suppressing effect), leads to this intri-
cate interplay. Similar phenomena have been observed in SdS
and Gauss-Bonnet dS spacetimes.

6 Power spectra of Hawking radiation

Hawking radiation can be intuitively understood as a vir-
tual particle-antiparticle pair spontaneously forming just out-
side the black hole horizon. In this picture, the particle with
positive energy escapes to infinity, while its negative-energy
counterpart is drawn into the black hole. Once inside, the
negative-energy particle can be interpreted as an ordinary
particle, and this process effectively reduces the black hole
mass. The resulting emission observed at infinity is ther-
mal, characterized by the Hawking temperature 7. How-
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ever, the actual spectrum is not a perfect blackbody due to
frequency-dependent transmission probabilities, known as
greybody factors, which modify the pure thermal emission.

For a higher-dimensional spherically symmetric black
hole described by the metric (6), the flux spectrum (the num-
ber of emitted particles per unit time) for massless scalar
particles generalizes the four-dimensional result [48] to d
dimensions,

d 1w

oxp@/ T —1 a1 O

dN (»)
P =;@m»

The power spectrum (energy emitted per unit time) is
obtained by incorporating the energy carried by each par-
ticle,

(69)

dE(®) w d e
i XZ:W’"(Q}) exp(@/Ty) — 1 Qr)d—1"

The factor oy 4(w), which differs from unity, introduces cor-
rections to the pure blackbody spectrum. It can be determined
by solving the field equations for the particle and computing

its absorption probability y,,. In fact, one can write [61]

2447 @=3/2 P [(d — 3)/2]

o¢.d(w) =

(d —4)! w2 (70)
2¢4+d—-3)+d—4D! )
|Vw€| .
2!
A more convenient form is
204 d—1\2 Ay
- F( ) NelVorl?, 71
or.d(w) > (=2 ¢lVorl (71)

where Ny is the multiplicity of states for a given partial wave
£ in d dimensions [62],

QU +d=3)(t+d—4)!
- 2(d = 3)! ’

i (72)

and Ay, is the horizon area of the d-dimensional black hole,

d—1\-1
Ay = r,‘j—Z(zn)n<d*3>/2r(—) .

5 (73)
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Fig. 5 Power spectra of Hawking radiation for d = 6, A = 0.01. Left panel: ¢ = 1 with & = 0,0.1,0.2,0.3, 0.4, 0.5. Right panel: £ = 0 with

q=0.2,04,0.6,0.8

Rewriting Eq. (69) in terms of the greybody factor yields
[27,63,64]

dE(w) 2 w dw
AN e 74
di Xe: tveel @/ Tam) — 1 27 74

We will use this last expression to analyse the energy emis-
sion rate from the black hole.

The Hawking temperature T is the normalized black hole
temperature related to the surface gravity [29,64], given by

. 1 gri(d®—5d —2Ar} +6) —2(d — 2)riq?
H p—
Vh(ro) dr(d — Drp(riq? + qrf)

3

(75)

where /h(rg) is the normalization factor, and A (rp) is the
value of the metric function at its global maximum ro, deter-
mined by 7'(r) = 0.

We now study the effects of £ and ¢ on the power spectra,
focusing only on lower partial modes, since higher / values
contribute significantly less and are suppressed by orders
of magnitude. Figure 5 shows the power spectra of Hawking
radiation ford = 6 and A = 0.01, varying g and &. In the left
panel, we set ¢ = 1 and vary § = 0,0.1,0.2,0.3,0.4,0.5.
It is clear that &, with other parameters fixed, reduces the
Hawking radiation-consistent with the observed behaviour of
the greybody factor in the previous section. In the right panel,
we set & = 0 and vary ¢ = 0.2, 0.4, 0.6, 0.8. Despite earlier
results suggesting that g enhances particle propagation, here
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the effect on the power spectrum is suppressed. This is due to
the dependence of the normalized temperature on g, which,
taken together, leads to diminished energy emissions.

Finally, we examine the role of the cosmological constant
in the energy emission process. Figure 6 shows that the inter-
play between £ and A, previously observed in the greybody
factor, also affects the power spectra. For small &, increasing
A enhances the Hawking radiation, while for larger £ val-
ues, it suppresses emission. Unlike the greybody factor, the
non-linear charge g does not alter this competition between
& and A.

7 Conclusion and discussion

In this work, we analysed the propagation of scalar parti-
cles emitted by a class of higher-dimensional, electrically
charged, regular black holes in a de Sitter (dS) spacetime. By
employing an approximate analytical technique that matches
solutions near the event and cosmological horizons, we
derived an expression for the greybody factor. We also inves-
tigated the low-energy limit of the greybody factor for both
minimal and non-minimal couplings of the scalar field. For
the minimal coupling scenario, the low-energy asymptotic
limit of the greybody factor remains non-zero, consistent with
the behaviour of free massless scalar fields in a dS black hole
background. In contrast, for the non-minimal coupling case,
the same low-energy limit vanishes, indicating that the cou-
pling to curvature alters the characteristic emission profile.
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Fig. 6 Power spectra of Hawking radiation for d = 6, ¢ = 0.5 with varying A = 0.01, 0.1, 0.2, 0.4. The left panel corresponds to & = 0, while

the right panel corresponds to & = 0.5

We examined the greybody factor alongside the effec-
tive potential to understand how various spacetime and
particle parameters influence scalar field propagation. Our
findings show that the angular momentum number / and
the non-minimal coupling parameter £ generally suppress
the greybody factor. Spacetime properties, however, have
more intricate effects: while the non-linear charge parame-
ter g enhances the greybody factor, increasing the spacetime
dimension d reduces it. The cosmological constant A exhibits
a dual behaviour-enhancing emission under certain condi-
tions and suppressing it under others, reflecting a non-trivial
interplay between & and A. Our analysis is primarily valid
in the low-energy regime and for arbitrary particle modes.
At higher energies, the accuracy of the analytical matching
approach diminishes, suggesting that a fully numerical treat-
ment would be beneficial.

In scenarios involving higher-dimensional black holes,
Hawking radiation offers a distinct observational signature:
a thermal spectrum that, while resembling a blackbody, is
modified by greybody factors. These modifications are cru-
cial, since they alter the emission characteristics-particularly
at low and intermediate energies, where particle production
is most significant-and thus impact the experimental identifi-
cation of a black hole event. Higher-dimensional black holes
produce radiation both in the bulk and on the brane. While
gravitons and certain scalar fields may escape into the bulk,
other fields (such as fermions and gauge bosons) remain con-
fined to the brane. Precisely quantifying the energy lost into
the bulk is vital for predicting the observed brane emission

rates and, ultimately, for designing experiments to detect such
phenomena.

Beyond this study, several natural extensions and future
directions present themselves. In the asymptotic limit, where
the frequency grows large along the imaginary axis, univer-
sal results for greybody factors remain elusive. Nonetheless,
examining this regime may provide insights into the under-
lying microscopic structure of black holes, suggesting that
their high-frequency behaviour could reflect simpler or more
exotic quantum degrees of freedom depending on the space-
time background [51]. Investigations in AdS (Anti-de Sitter)
backgrounds, as well as other asymptotic geometries, would
broaden the applicability of our results. We also note that
understanding Hawking radiation from small black holes can
serve as a probe of the underlying theory, potentially reveal-
ing the dimensionality of spacetime and the presence of large
extra dimensions [27].

As a final note, our current focus on scalar fields can be
extended to include scalar, spinor, and vector fields, both
massless and massive. Examining how different spin fields
interact with the gravitational and electromagnetic back-
grounds will lead to a more comprehensive understanding of
the Hawking radiation spectrum. Such a program would offer
acomplete picture of emission processes from d-dimensional
spherically symmetric black holes and yield valuable insights
into the fundamental nature of gravity, spacetime dimensions,
and field dynamics in curved backgrounds.
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